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DATA REDUCTION AND MULTIPLE
COULOMB SCATTERING ERROR ANALYSIS
WITHIN SILICON TRACKING DETECTOR SYSTEM

M.Pentia*, Gh.lorgovan*, B.Vulpescu*

Particle track reconstruction capabilities of the silicon tracking detector sys-
tem have been studied. As the multiple Coulomb scattering (MCS) induces un-
avoidable uncertainties on the coordinate measurement, the corresponding error
estimates and the associated correlations have been used to find the best track fit
parameters and their errors. Finally it permits one to find the proper particle
characteristics, as vertex position and resolution, momentum value, flight
direction and the corresponding errors.

The investigation has been performed at the Laboratory of High Energies,
JINR.

Penykuns nanHnix u anaaus ommbok
NPH MHOTOKPATHOM PacCESHHH
B KPEMHHEBHIX TPEKOBHX JAETEKTOPaX

M.Ilenrna, I'.Hoprosan, B.Byanecky

H3yueHa BO3MOXHOCTB PEKOHCTPYKLMH TPEKOB B CHCTEME KPEMHMEBBIX €-
TexTopoB. Bui6op napamMeTpos Tpexa 1 ouenKa MX omMGOK NPOBOAMAKCH ¢ yue-
TOM HEYCTPAHHMBIX HEOTIPENECNEHHOCTEN B KOOPAMHATAX, K KOTOPhIM NPMBOLHT
MHOIOKPATHOE KYJNOHOBCKOE paccesHue. B MTOre 3T0 nO3BOAMNO HafiTH
NpaBUIbHbIE NAPAMETPDI POXAEHHON UACTMLIBI, TAKME KAK NOJOXKEHHE M TOU-
HOCTb HAXOXEHNS BEPUIMHBI, BEAHYHMHY MUMITYIbCA, HAMPARICHNE BbUIETA M
COOTBETCTBYIOWME OINOKH.

Pa6ota seinonnena B Jla6opatopuu seicokmx snepruit OUSIH.

1. Introduction

Design and preparation of any components of a detector system must
take care of characteristics and detection performances (efficiency, accep-
tance, position or energy resolution) necessary for a specific process study.
The silicon tracking detector system, in our case, must furnish the best
information about the coordinate track intercept of the incident particle on
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Fig.4. The x-vertex position error (reconstructed veriex resolution deterioration)
due to multiple Coulomb scattering as a function of muon momentum and distance
from the interaction point to first detector layer (z,)

Table 4. Multiple Coulomb Scattering limitation
of the muon (rack reconstructed vertex resolution (microns).
Table shows its dependence on z, -position of the first detector layer (cm)

and on the muon momentum (MeV/c)

z, (cm)
10 30 50 70 90 1o 130 150
p (MeV)

500 2.070 | 18.041 | 49.831 | 97.272 | 160.847 | 239.639 | 334.671 | 446.144
1000 0.681 5.701 | 15.617 | 30.420 | 50.122| 74.732] 104.258 | 138.614
1500 0.390 3.145 8.555 | 16.620 | 27.333| 40.706] 56.719 ] 75.436
2000 0.282 2200 | 5.942 | 11.506 18.897 1 28.1141 39.174 | 52.011
2500 0.230 1.750 4.699 9.080 | 14.890 | 22.124| 30.795| 40.901
3000 0.202 1.502 4014 7.742 l.2.680 18.834] 26.195| 34.773
3500 0.185 1.351 3.597 6.926 | 11.335] 16.828] 23.403| 31.055
4000 0.173 1.252 3.326 6.396 | 10.460 | 15.520| 21.574 | 28.628
4500 0.165 1.184 3.139 6.031 9.856] 14.620| 20.319| 26.955
5000 0.160 1.136 3.005 5.767 9.423 | 13.973| 19.416| 25.753
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Table 2. Kinematical parameters determination and their associated errors
by track reconstruction in the silicon tracking system.

Data are based on the muon Monte-Carlo generated events under theta = 15 degree,

for a lot of discrete moments

Generated moment Reconstructed
(MeV/c) moment (MeV/c) theta (deg)

500 500.53 + 0.44 14.98 + 0.19
1000 1001.67 + 1.98 15.02 + 0.42
1500 1497.13 + 7.10 15.01 = 1.01
2000 1997.32 + 8.39 14.99 + 0.90
2500 2501.33 £ 15.71 14.99 + 1.34
3000 3002.76 + 22.23 14.99 = 1.58
3500 3497.56 + 18.74 15.00 = 1.15
4000 3998.92 + 23.02 15.00 + 1.23
4500 4502.71 + 65.78 14.99 + 3.13
5000 5003.13 + 48.06 15.00 + 2.05
5500 5500.00 + 117.62 15.02 + 4.57
6000 6002.02 + 81.65 15.00 = 2.91
6500 6498.90 + 112.23 14.99 + 3.69
7000 7002.47 + 141.03 15.00 + 4.31
7500 7500.07 + 136.04 15.00 + 3.88

Table 3. Kinematical parameters determination and their associated errors
by track reconstruction in the silicon tracking system.

Data are based on the muon Monte-Carlo generated events with Momenta = 500 MeV, for

alot of discrete polar angles

Generated theta Reconstructed
(deg) theta (deg) moment (MeV/c)
L) 5.04 £ 0.28 500.42 + 0.22
10 10.00 = 0.09 499.88 + 0.14
15 14.99 + 0.22 501.00 + 0.52
20 19.95 + 0.55 503.57 + 1.74
25 2439 + 0.16 501.17 £ 0.63
30 30.10 + 0.49 494.92 + 2.43
35 35.03 +0.28 496.65 £ 1.69
40 40.07 + 0.31 495.55 + 2.26
45 45.10 £ 0.12 501.54 £ 1.07
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2 Ty—1
X'=(X—-HA)'V (X-HA), (16

where

x| {1 A
Xy 1 t2
. . . *0

X= ; H= ; A = ( )
. . . X V,

134

X, _ 1 !

the V matrix is given by relation (12) and (14).
Least squares criterion imposes

2
2 _0 o HV'(x- HA) =0.

an
By solving the linear system relative to A , We can get the fit parameters
A=HV '\ WV %) an
and the errors of these parameters
T To~1 gy —1
E, = (6Ax6Ax) =(H'V H)Y . (18)

The same procedure we applied to y and z coordinate, as to find the fit
parameters and errors, even for z, which has no uncertainty, (they are de-

tector position coordinates).

Ones finding the fit parameters (x,, Yox Yo Yoyt %0 vOz) and their errors
(o 0 %05 %y woy> 9200 @ v0z) it is possible to express the particle kinemati-
cal parameters: p-momentum and 6-direction, along with the corresponding
errors. In Table 2 and Table 3 there are results on the reconstructed p-mo-
mentum and #-direction values in comparison with the generated ones,

The vertex position error, due to MCS in the detector material, has been
also calculated and depends, of course, on particle momentum. If we want to
reduce this error it is necessary to bring closer the detector tracking System

relative to interaction point. The vertex position error (resolution) depen-
dence on particle (muon) momentum and z, distance to first detector Jayer

{is shown in Fig.4. The result is useful in detector system design to find an

optimal configuration in preparing the experimental work and also to have a
choice for vertex resolution as a compromise between the best possible
values in the proximity of the interaction point and the worse ones at the
radiation harmless distance.
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Having in view also the uncorrelated position measurement intrinsic er-
rors g, along with the MCS correlated ones, in the position error matrix Vv,

they will be added in squares (0(2)) into the diagonal terms.

For example, for a 500 MeV/c muon track detection by our system
configuration (z,= 130 cm, z,= 131.5cm, z,= 133 cm, z,=134.5cm and

gy= 10 ) the matrix ( V,.j) and (p’.j) are

0.1000E-5  0.0000E+0  0.0000E+0  0.0000E+0

V= 0.0000E+0  0.4406E-5 0.6813E-5 0.1022E—4
" |0.0000E+0  0.6813E-5  0.1803E-4  0.2725E-4]|°

0.0000E+0  0.1022E-4  0.2725E~4  0.4869E—4

1.0000 0.0000 0.0000 0.0000
_ |0.0000 1.0000 0.7643 0.6977 (L4
P = 10.0000 0.7643 1.0000 0.9197{"
0.0000 0.6977 0.9197 1.0000

As long as the Vij matrix elements depend both on kinematical charac-

teristics of the detected particles and on the tracking detector system confi-
guration, the Pij matrix elements are independent of particle characteristics,

and are defined just by system configuration.
In the following we will use these matrices in the track reconstruction by
a least squares fit procedure.

5. Track Reconstruction Parameters
and Their Errors

In the absence of the magnetic field, the unscattered track is a straight
line. The independent description of x and y MCS data permits a separate
least squares fit to these data by a linear relationship [6 )

X = xo+ v0xl
y=yot vo,t 15
zZ= zo+ v0:t .

With the coordinate and error data (x; = o) 0 x ayi), z; along with

the corresponding correlation matrix Pij (Vij = pl.lax’.axj) as input data, it is

possible to express the x2 in matrix form, for every coordinate data set. For
x-data set it will be
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Z,

Fig.3. Multiple Coulomb scatiering error correlations

Because they are statistical variables it is necessary to find their mean value,
and to express it by the independent scattering deviations & p unaffected by

earlier scatterings
(O3 = 0y(z,_,— 2p)- (10)

Now let’s try to express the 6x,. deviations by the independent & 4 ones
(10), for which (3,) = 0,

é

- k
z. — . (D
g Gl P G —2)

Now the position error (covariance) matrix (Vii)' defined as the statis-

tical mean of the pair deviation products ((Sx'dxj) for all possible detection
layers is

V= (6x,6xj) =
= 0] Iz~ z,) EG=2)+ G 2) (g 2) + o+ (=2, ) (2= 7)) |
for i<j=1,2,.., n (12)

The ( V'.j) matrix is symmetric. The error correlation matrix is immediately
(6xl15x.)
_t

Pp="—="
T Vexd 0xd) a3
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In Monte-Carlo simulated particle transport the particle position uncer-
tainty on every detector layer has been measured as the variance or the
mean square deviation of the scattered track incidence points x - about the

unscattered one X0

(x,,— %g)°
m 0 )

2=3

m=1
and similar for a: variance, for every detector layer. The x, (andy ) arethe

coordinates of the scattered track incidence points on detector layer, and N
is the total number of generated events.
The distribution widths o, of the muon track x-coordinate points on de-

tector layer i = 2, 3, 4 and for momentum values from 500 to 7500 MeV/c,
are presented in Table 1. There is also the analytical estimation of the
same widths of the MCS incidence points distribution on each of the i-detec-
tor layer, according to (4)

o2, =M=DE =D g2 )

Xi
where [ is the distance between detector layers (/ = 1.5 cm) and 6, is the
plane r.m.s. scattering angle (1).

4. Position Error Correlations

MCS produces errors correlated from one layer to the next. Clearly the
scattering in layer 1 produces correlated position errors in layer 2, 3 and so
on (see Fig.3). The proper error matrix is non-diagonal, and it must be find
out,

Let’s denote dx, the track deviation x-coordinate point on the i-th layer,
with respect to the initial incident direction on the detector system, then

6x1= 0
ox,=9d
2 1
8)
6x3= 631+ 62
6x4= 64l+ 642+ 63,

23— ZI . 24"‘ Zl 24— 22

=0, —; d,=0 .
2 1 41 | z— z; 42 2 23— z, 9
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Table 1. Muon x-distribution width on detector layers

of the silicon tracking system due to multiple Coulomb scattering

MONTE-CARLO SIMULATION DATA

P (MeV/¢) g, (um) g3 (um) a,, (um)
500 18.57394 41.28271 68.6337
1000 9.13934 20.25132 33.85192
1500 6.152002 13.61125 22.69169
2000 4.535603 10.09581 16.89462
2500 3.667112 8.081978 13.47147
3000 3.062511 6.778929 11.27552
3500 2.604058 5.776673 9.611728
4000 2.277256 5.074125 8.466508
4500 2.019666 4.489617 7.534582
5000 1.838633 4.082824 6.820512
5500 1.669245 3.721596 6.214138
6000 1.515782 3.377297 5.620477
6500 1.419424 3.130757 5.20202
7000 1.299295 2.884509 4.815011
7500 1.208961 2.677731 4.481739
ANALYTICAL CALCULATION DATA

P (MeV/c) G,y (um) g, (um) 0, (um)
500 18.45638 41.27002 68.05807
1000 9.079048 20.30138 33.9707
1500 - 6.034108 13.49268 22.57157
2000 4.520692 10.10857 16.91488
2500 3.61474 8.082806 13.52512
3000 3.011463 6.733836 11.26786
3500 2.58083 5.770912 9.656585
4000 2.257985 5.049009 8.448607
4500 2.006951 4.487679 7.509323
5000 1.806161 4.0387 6.758038
5500 1.641901 3.671403 6.143432
6000 1.505032 3.365353 5.631313
6500 1.389228 3.106409 5.198016
7000 1.289974 2.88447 4.826642
7500 1.203958 2.692132 4.504799

46




3. The Monte-Carlo Particle Scattering Description

The change of track parameters is usually described by the 6

plane, x
and aep,a ne, y (or 698pa ce and dp) angles and a corresponding displacement
éxpl ane 20d dy lane i1 the position.

Following the stochastic nature of the MCS, we use the Monte-Carlo

study by generating the joint (Ox Dlane’ Mphn ¢, ) distribution with indepen-

dent Gaussian random variables (w,, x,) 14]
wis8, wys6,
ox, =-—=
plane V12 2 . )

60p|ane. x- w280

The same has been used for the joint (6yplane, éeplane y) distribution in

)0z plane. Finally we constructed the incidence points distribution (coordi-
nate distribution) on the detector layer No.2, 3 and 4 (see Fig.2 and Table
1), for an incident S00 MeV/c muon.
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Fig.2. The plan projected x~coord§au(:' ’&)Jﬂ distributions of the scattered
500 MeV/c muons, incident on detector layer No.2, 3 and 4 obtained by Monte-
Carlo particle transport simulation
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for many applications to use Gaussian approximation for the central 98 % of
the plan projected angular distribution. The width of this distribution is the
root mean square of the scattering angle {3}

13.6 MeV _ 1
b= e \/x[uoossln(xL)] M

where p, fc and z . are the momentum, velocity and charge number of the
incident particle, and X ., is the radiation length of the scattering medium.

That is, the plane projected angle Bphne' £ O 6 plane, y of the deflection angle

8, onto the x0z and y0z planes, where the x and y axes are orthogonal to the
0z direction of motion, shows an approximately Gaussian angular distri-
bution

Py
1 plane
exp |~ 2 dophne. Q)
V2 6, { 26, ]
Deflections into 8 plane, Landé plane, y 37€ independent and identically distri-
2 _q2 2
buted, and Bsp.ce Ophne. +6 plane, y °

The angular distribution is translated to a coordinate distribution by
particles fly onto every detector layer. The more intersected layers are the
larger distribution width is. The coordinate distribution is defined by statis-
tical spread due to MCS, and depends on the number and position of the
intersected detector layer elements. It has the same form as angular distri-
bution

1 X.2
——exp |- —=| dx. 3
Vama, "[ zaz.] !

Xt

with the mean square deviation (distribution width) as the squares sum of
the (i—1) preceding distribution widths projected onto i-th detector layer
2 _ ;.2 2 2 2 2
0, =(x) =6 1(z;—2) "+ (z— )"+ ... + (= z;_ )" ). “
For an oblique incidence (8 = 0) the effective path length in the silicon
detector is larger, and the same is the position distribution width on the next
detector layers. Nevertheless, in this work we will consider only the minimal

width (4), as to emphasize the precision limit in particle position measure-
ment with a given silicon tracking system.
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Fig.1. The track particle position uncertainties due to multiple Coulomb scattering. The uncer-
tainty is defined as the coordinate distribution width on every detector layer i and results in the
squares sum of all preceding layer scattering contributions projected onto the i-th layer

ot= 68 I(zi— 1)’ + (2~ m)*+ ... + (2~ z-1)?)

every detector layer. Otherwise, for a good track reconstruction, it is neces-
sary to find the best estimate of the track parameters in a specific particle
measurement. This is the reason we studied the particle transport in a sili-
con tracking system and estimated the multiple Coulomb scattering (MCS)
perturbation in particle track measurements.

This study furnishes information on the position resolution we could get
from every detector layer, and also its dependence on some physical and
geometrical parameters. In the detector system design these parameters
could be chosen in an optimal manner, aiming the best track reconstruction
possibilities or the best estimate of the track parameters (vertex position,
curve radius) directly connected to physical quantities.

The simplified tracking system we used, consists of a 4 layer silicon mic-
rostrip detector, 300 u thick, interspaced by 1.5 cm, and the first detector
layer located at 130 cm from the interaction point (see Fig.1).

2. The Track Particle Position Uncertainties
Due to Multiple Coulomb Scattering

When a charged particle is traversing the detector elements of a tracking
system, it undergoes small deviations of the track, due to MCS. The effect is
usually described by the theory of Moliere (see for example [1]). It shows
that, by traversing detector’s material, thickness s, the particle undergoes
successive small-angle deflections, symmetrically distributed about the in-
cident direction. Applying the central limit theorem of statistics to a large
number of independent scattering events, the Moliere distribution of the
scattering angle can be approximated by a Gaussian one [2]. It is sufficient
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z, (cm)

p (MeV)

10 30 50 70 90 110 130 150

5500 0.156 1.099 2.905 5.573 9.102 13.494 | 18.747 | 24.861
6000 0.153 1.072 2.829 5.425 8.859 13.129| 18.240 | 24.184
6500 0.150 1.051 2.7 5.310 8.668 12.845] 17.841 | 23.658
7000 0.148 1.034 2.723 5.218 8.516 12.619| 17.527 | 23.239
7500 0.147 1.020 2.686 5.144 8.394 12,436 17.273 | 22.899

The vertex position resolution along  x-coordinate (or y-coordinate),

due to MCS errors combined with the intrinsic detector coordinate uncer-
tainties, could not be better than the values shown in Table 4. Nevertheless,
from Table 4 and Fig.4 we see also that it is possible to have a better vertex
position resolution if the detector tracking system is placed to a smaller dis-
tance from the interaction point.

—
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